This paper consists in a very brief English summary of the results appearing in French in [2] and [1] . We will omit the proofs and focus on explaining our approach and theorems. This paper is not intended to be published. Questions are welcome.
Setting
Let Σ g be a connected, oriented and closed surface of genus g and c Σ a real structure on Σ g , i.e. an orientation-reversing involutive diffeomorphism of Σ g . We call such a pair (Σ g , c Σ ) a real curve. Fix a complex vector bundle π : N → Σ g and equip it with a real structure c N , i.e. c N is an involutive anti-C-linear automorphism of N which lifts c Σ . The fixed point set RΣ g of c Σ is called the real part of the curve. It is a 1-dimensional submanifold of Σ g , which can be empty, and over which the fixed point set RN of c N forms a real vector bundle. When c Σ or c N induce an involution on a vector space or on a module, we will denote with a subscript +1 (resp. −1) the eigenspace associated to the +1 (resp. −1) eigenvalue of this involution.
Real curves are classified up to diffeomorphism by two invariants: the number 0 ≤ k ≤ g + 1 of connected components of RΣ g , and whether Σ g \ RΣ g is connected or not. In the latter case, we say that the curve is a separating curve. Given a real curve, the complex vector bundles equipped with real structures are classified up to isomorphism by their rank, first Chern class and by the first Stiefel-Whitney class of their real part.
Fix integers 1 ≪ q ≪ l and a real number p > 1 such that qp > 2. Denote by RJ(Σ g ) the set of all complex structures J of class C l on Σ g which are compatible with the orientation and such that c Σ is J-antiholomorphic. It is a contractible Banach manifold (voir [10] ). Definition 1. A real Cauchy-Riemann operator on (N, c N ) is a pair (∂, J) consisting of a complex structure J ∈ RJ(Σ g ) and a C-linear operator
which is c N -equivariant and which satisfies Leibniz's rule: 
* (see [6] , Theorem A.2.2). This bundle is orientable but not canonically oriented. To understand this lack of canonical orientation, we study the action of the automorphism group of (N, c N ) on the orientations of Det(N ).
Definition 2. An automorphism of (N, c N ) is a pair (Φ, ϕ) consisting of
which is C-linear in the fibers, and such that π • Φ = ϕ • φ.
We let RAut(N ) be the group of all automorphisms of (N, c N ).
The group RAut(N ) acts on the orientations of Det(N ) in the following way. First, it acts on sections of N and on (0, 1)-forms with value in N on one hand and on the elements of RJ(Σ g ) on the other hand like this:
where s is a section of N , α is a (0, 1)-form with value in N and J ∈ RJ(Σ g ). This induces an action on RC(N )
and then on the bundle Det(N ). Our first goal was to compute the action of an element of RAut(N ) on the orientations of Det(N ) in topological terms. We state the results we obtained in this direction ([2] and [1] ) in §2.
The question raised above was motivated by the orientability problem of the moduli spaces of real pseudoholomorphic curves in real symplectic manifolds. More precisely, consider a real symplectic manifold (X, ω, c X ), i.e. a symplectic manifold (X, ω) equipped with an anti-symplectic involution c X . We denote by RJ ω (X) the set of all almost complex structures J on X which are ω-compatible and such that c X is J-antiholomorphic. Given an integer g and a class d ∈ H 2 (X, Z), we let π : RM d g (X) → RJ ω (X) by the universal moduli space of real pseudoholomorphic curves of genus g realizing the class d and which are somewhere injective. We consider only somewhere injective curves to avoid some analytical problems caused by multiply covered curves. Indeed, under this hypothese, the fiber RM
{J} is a smooth finite dimensional manifold for all generic J ∈ RJ ω (X). Moreover, given an element u ∈ RM d g (X, J) which is an immersed curve, there is a monodromy morphism µ :
, where N u is the normal bundle to u. Then, for each γ ∈ π 1 (RM We state the results we obtained in [1] concerning this second problem in §3. Let us note that similar results have been obtained recently by Georgieva and Zinger in [4] , but using different methods.
2 Real automorphisms of a bundle and the determinant bundle
Let (Σ g , c Σ ) be a real curve and (N, c N ) be a complex vector bundle equipped with a real structure over this curve. A first step in our study is to describe the stucture of the automorphism group RAut(N ) of (N, c N ). To that end, we introduce two subgroups of this group:
• the group RGL(N ) of automorphisms which lift the identity of Σ g ,
Here, det(N ) with no capital letter is the standard determinant of a vector bundle :
The following group of diffeomorphisms of Σ g will also appear in the following Lemma: for w ∈ H 1 (RΣ g , Z/2Z), we write
Lemma 1 (Lemma 2.2 of [2] ). The following sequences are exact:
where:
Moreover, ker(rest) is connected.
As the action of an element of RAut(N ) on the orientations of Det(N ) depends only on its homotopy class, the Lemma 1 suggest that we proceed in three steps: first we consider only the subgroup RSL(N ), then we consider RGL(N ) and finally we go on to the general case. As we want to express this action in topological terms, we introduce the necessary topological objects we need before stating the different results.
P in structures: the case of RSL(N)
Suppose first that RΣ g = ∅ and let us recall that we put k = b 0 (RΣ g ). An element Φ of RAut(N ) acts by pullback on the (Z/2Z) k -principal space P in ± (RN ) consisting of the P in ± structures on each connected component of RN . Thus, we get permutations Φ p ± of P in ± (RN ). One must be careful as the two permutations Φ p + and Φ p − are not the same in general. More precisely, given a diffeomorphism ϕ ∈ RDif f + (Σ g , w 1 (RN )) it induces a permutation σ − ϕ of the 2k − elements set consisting of the orientations of the connected components of RΣ g over which RN is not orientable. Then, denoting by ε(σ) the signature of any permutation σ of a finite set, we get the following.
Proposition 1 (Proposition 1.1 of [1] ). Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ) with non empty real locus.
If we restrict our attention to the elements of RSL(N ), then their action on P in ± (RN ) is enough to describe their homotopy class modulo 2. This will be enough for our purpose because the action of an element of RSL(N ) on the orientations of Det(N ) depends only on its class in π 0 (RSL(N ))/2π 0 (RSL(N )). This last remark is also valid when RΣ g = ∅ in the sense that in that case RSL(N ) is connected, so all its elements act trivially on the orientations of Det(N ).
We can now state our first result.
Theorem 1 (Theorem 3.1 of [2])
. Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ). The action of an element Φ ∈ RSL(N ) on the orientations of Det(N ) is given by ε(Φ p ± ).
Real Spin structures: the case of RGL(N)
From the exact sequence (2) in Lemma 1, we have to understand the structure of the group RGL(det(N )) which is canonically equal to RC ∞ (Σ g , C * ). In fact, the Theorem 1 allows us to restrict our attention to the case where N is of rank one. Indeed, one has the following:
Proposition 2 (Lemma 4.1 of [2] ). Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ). The action of an element Φ ∈ RGL(N ) on the orientations of Det(N ) is equal to the product of ε(Φ p ± ) by the action of det(Φ) on the orientations of Det(det(N )).
Let us suppose that rk(N ) = 1, RΣ g = ∅, and fix a complex structure J ∈ RJ(Σ g ). We then consider the set RSpin(Σ g ) of all real Spin structures on (Σ g , c Σ ), that is the set of square roots of K Σ admitting a real structure. The cardinal of RSpin(Σ g ) is 2
g+k−1 . This set can be partitioned using, for every w ∈ H 1 (RΣ g , Z/2Z) such that w([RΣ g ]) = g + 1 mod 2, the set RSpin(Σ g , w) of square roots of K Σ admitting a real structure whose real locus is a real vector bundle having w as first StiefelWhitney class. We will then say that an element of RSpin(Σ g , w) is a real Spin structure with first Stiefel-Whitney class w.
Definition 3. We say that two real Spin structures are in the same bordism class if they have the same first Stiefel-Whitney class and if they are in the same bordism class in the usual sense (see [5] ).
The group RGL(N ) acts on the set of real Spin structures via the canonical correspondance between the elements of RGL(N ) and of RGL(T Σ g ). Moreover, it can be proved that RGL(N ) acts on the bordism classes of real Spin structures of a given first Stiefel-Whitney class (see Lemma 4.9 of [2] ).
be the morphism corresponding to the action of RGL(N ) on the bordism classes of real Spin structures whose first StiefelWhitney class is w.
This action is important in our results, however, it is not enough to detect completely the action of RGL(N ) on the orientations of Det(N ). For example, the automorphism −1 acts trivially on Spin structures, but its action on the orientations of Det(N ) is given by the Riemann-Roch theorem, i.e. it acts trivially if and only if deg(N ) + 1 − g = 0 mod 2. In fact, we will see later that the morphism A w1(RN ) coincides with the action of RGL(N ) on the orientations of Det(N ) only when deg(N ) + 1 − g = 0 mod 2.
To treat the general case, for each w ∈ H 1 (Σ g , Z/2Z) we let β w : RGL(N ) → Z/2Z be the morphism computing the product of the signs of the determinant of an element of RGL(N ) over each component of RΣ g .
We can extend these definitions to the case where rk(N ) > 1 by first taking the determinant of the automorphism f ∈ RGL(N ) then applying the previous definitions.
Remark 1.
• In the case where deg(N ) = g + 1 mod 2, then we can take w = w 1 (RN ) in the definition of s top (f ), so we get s N (f ) = A w1(RN ) (f ).
• In the case where the curve is separating, i.e. when Σ g \ RΣ g has two connected components, one can check that the sign s top (f ) is always 1, so we get s N (f ) = β w1(RN ) (f ). In this case, the sign s N (f ) boils down to the product of the actions of f on the orientations of the orientable components of RN .
We can now state the following.
Theorem 2 (Theorem 4.3 of [2] ). Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ) with non-empty real locus. The action of an element Φ ∈ RGL(N ) on the orientations of Det(N ) is given by ε(Φ p ± )s N (Φ).
To prove this theorem, we use a well-chosen family of automorphisms and compute the action of each of them. In fact, we have the following Proposition.
Proposition 3 (Proposition 1.8 of [1] ). Let (N, c N ) be a complex line bundle equipped with a real structure over a real curve (Σ g , c Σ ). Let a ⊂ Σ g be a closed oriented simple curve. Consider the following automorphisms f a ∈ RGL(N ): 1] , where a corresponds to t = 0 and c Σ (θ, t) = (θ, −t). Set f a (θ, t) = − e iπt and extend it by 1 outside of this neighborood.
2. If a is globally fixed by c Σ , then choose a tubular neighborhood of a of the
, where a corresponds to t = 0 and c Σ (θ, t) = (−θ, −t). Set f a (θ, t) = − e iπt and extend it by 1 outside of this neighborood.
3. If a ∩ c Σ (a) = ∅, then choose a tubular neighborhood of a disjoint from its conjugate and of the form (θ, t) ∈ S 1 × [−1, 1], where a corresponds to t = 0. Set f a (θ, t) = − e iπt on this neighborhood and extend it by f a • c Σ on its conjugate and by 1 everywhere else.
In the first case, f a preserves the orientations of Det(N ) if and only if RN is non-orientable over a. In the second case, f a never preserves the orientations of Det(N ). In the last case, f a always preserves the orientations of Det(N ).
Note the in the previous Proposition, we do not assume the real curve to have a non-empty real locus.
As an application of the Theorem 2, we study the determinant bundle over the real Picard group and compute its first Stiefel-Whitney class (see Theorem 4.4 of [2] ). We obtain the same results as Okonek and Teleman in [7] .
Using Divisors: the general case
The Proposition 2 extends nicely to the general case. Indeed, consider the trivial rank n bundle (C ⊕n , conj) with its standard real structure over (Σ g , c Σ ). For each ϕ ∈ RDif f + (Σ g ), we define Φ ϕ ∈ RAut(C ⊕n ) by
Proposition 4 (Proposition 1.2 of [1])
. Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ). The action of an element (Φ, ϕ) ∈ RAut(N ) on the orientations of Det(N ) is given by the product of ε(Φ p + ) with the action of det(Φ) on the orientations of Det(det(N )) and with the action of Φ ϕ ∈ RAut(C rk(N )−1 ) on the orientations of Det(C rk(N )−1 ).
Compared to Proposition 2, there is one additional term which we discuss now.
Proposition 5 (Proposition 1.3 of [1]). Let n be a positive integer and ϕ
There remains only to study the action of det(Φ) on the orientations of Det(det(N )) to conclude the general case. That is why we suppose in the following that N is of rank one.
Unfortunately, the action on real Spin structures introduced in the previous paragraph does not extend well to the whole group RAut(N ). Indeed, on one hand, in general there is no natural way to split the exact sequence (1) in Lemma 1. On the other hand, to be able to extend the above action, we need a way to separate the behaviour of an element of RAut(N ) in the fiber of N from its behaviour on Σ g . More precisely, we need to understand how a element of RAut(N ) "twists" the fibers of N , i.e. some analog of the index map
. To this end, we introduce some new objects. • it is of degree deg(N ),
• its restriction to RΣ g is Poincaré dual to w 1 (RN ).
Given a divisor D compatible with (N, c N ) and an element (∂, J) ∈ RC(N ) such that (N,∂) ∼ = O Σg ,J (D), the set of real meromorphic sections of (N,∂) with divisor D is a real line. Now we can understand how an element (Φ, ϕ) of RAut(N ) such that ϕ * D = D behaves in the fibers of N by comparing a real meromorphic section of (N,∂) with divisor D to its image by Φ. It is with this idea in mind that we will proceed in the following.
Let d be a 4-tuple of positive integers (r
is compatible with (N, c N ) .
g is non-empty, we say that d is adapted to (N, c N ) .
Consider the bundle π : (pr 1 )
We will say that an element∂ of RC Dx (N ) is polarised if we have chosen an orientation of the real line made of the real meromorphic sections of (N,∂) having D x as divisor.
The set
g , and its double cover RC + compat (N ) consisting of polarised operators is a RGL(N )/R * + -principal bundle over the same space. Unfortunately, the group RAut(N ) acts on those two spaces in a way which is not compatible with the bundle structure. That is why we use the following definition. • If the curve (Σ g , c Σ ) is separating and all the components of RN are nonorientable, let
• In all other cases, let
Let us write SS 2,s ± the group generated by the elements of the permutation group SS 2s ± of the form (2i − 1 2i), for 1 ≤ i ≤ s ± , and those of the form 2i 
whose fiber over {J} × (x) is the vector space generated by the elements of (x), then the bundle
) is orientable. In particular, when the curve is non separating, the bundle D (d) (N ) will be non-orientable over a loop in Σ (d) g consisting in exchanging two complex conjugated points.
Given an element (Φ, ϕ) ∈ RAut(N ), this bundle D d (N ) will allow us two separate the contribution to the action of Φ on Det(N ) coming from ϕ and that coming from the fiber part of Φ.
Of course, when the rank of N is greater than 1, we extend the previous definitions by taking the determinant of N . 
where p + (N ) is the trivial bundle with fiber
What we mean here by canonical is that we construct an isomorphism which commutes with the action of RAut(N ) on both sides.
The proof of the Theorem 3 uses real elementary negative transformations on N , which allows us to replace N with another bundle of a different degree, namely the trivial bundle, while keeping track of the automorphisms and their action on the determinant bundle.
The result given by the Theorem 3 is not very easy to use because of the bundle D (d) (N ) which remains a bit mysterious. That is why we also treat two important particular cases.
The separating case
Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ). Suppose that the curve is separating, i.e. that Σ g \ RΣ g is non-connected. Denote by RΣ . Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ), and suppose that the curve is separating. Then there is a canonical isomorphism between Det(N ) and the real line bundle
The Spin case
Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ) with non-empty real locus. Suppose that N is of even degree and that RN is orientable. Then we consider the set RSpin(N ) of real Spin structures on (N, c N ) . Fixing a real Cauchy-Riemann operator on (N, c N ), a real Spin structure on (N, c N ) is equivalent to a holomorphic square root L of det(N ) admitting a real structure. There are two choices of a real structure on L and each one induces an orientation on RN opposite of the other. Moreover, those two orientation do not depend on the initial choice of Cauchy-Riemann operator but only on the Spin structure. Thus, to each element ξ ∈ RSpin(N ) we associate the line O ξ RN generated by the two orientations of RN given by ξ. We can also define the first Stiefel-Whitney class w ξ ∈ H 1 (RΣ g , Z/2Z) of ξ ∈ RSpin(N ) as w 1 (RL) for any of the two real structure on L. Lastly, for all
Corollary 2 (Corollary 1.5 of [1] ). Let (N, c N ) be a complex vector bundle equipped with a real structure over a real curve (Σ g , c Σ ) with non-empty real locus. Suppose that N is of even degree and that RN is orientable. Then there is a canonical isomorphism
of line bundles over RC(N ) × RSpin(N ).
3 Orientability of Moduli Spaces
Real Teichmüller space
Suppose in this section that the curve (Σ g , c Σ ) is of genus at least 2. We give a result concerning the action of a diffeomorphism of (Σ g , c Σ ) on the orientations of the real Teichmüller space of the curve.
Definition 9. The real Teichmüller space associated to the real curve (Σ g , c Σ ) is the quotient of RJ(Σ g ) by the action of the subgroup RDif f 0 (Σ g ) of RDif f + (Σ g ) consisting of those diffeomorphisms which are homotopic to the identity,
As a consequence of the Proposition 5 we have the following Theorem. In particular, one sees that the moduli spaces obtained by quotienting the Teichmüller spaces by the diffeotopy group will not always be orientable.
Moduli spaces of real curves in real symplectic manifolds
From now on, let (X, ω, c X ) be a real symplectic manifold of dimension 2n at least 4. We will give the results on the orientability of moduli spaces we obtained using the Theorem 3 and the Corollaries 1 and 2. But first we recall some necessary definitions. Fix integers 1 ≪ q ≪ l and a real p > 2. Recall that J ω (X) is the space of all almost complex structures on X of class C l which are tamed by ω, and RJ ω (X) is the subset of those for which c X is anti-holomorphic. Both are Banach manifolds and contractible. ⋔ → RJ D (X)) is canonically isomorphic to
The Theorem 7 is the translation of the Theorem 3 in the context of moduli spaces. Here, the bundle D (d) (N ) does not appear thanks to the polarizing section.
In [1] we also give some results about the existence of polarisations. In particular, we show that any real symplectic manifold admits a polarisation given by a polarizing section. We also give some concrete examples in the case of smooth projective hypersurfaces.
